The H + +D 2 and D + +H 2 reactive collisions are studied using a recently proposed adiabatic potential energy surface of spectroscopic accuracy. The dynamics is studied using an exact wave packet method on the adiabatic surface at energies below the curve crossing occurring at Ϸ1.5 eV above the threshold. It is found that the reaction is very well described by a statistical quantum method for a zero total angular momentum ͑J͒ as compared with the exact ones, while for higher J some discrepancies are found. For J Ͼ 0 different centrifugal sudden approximations are proposed and compared with the exact and statistical quantum treatments. The usual centrifugal sudden approach fails by considering too high reaction barriers and too low reaction probabilities. A new statistically modified centrifugal sudden approach is considered which corrects these two failures to a rather good extent. It is also found that an adiabatic approximation for the helicities provides results in very good agreement with the statistical method, placing the reaction barrier properly. However, both statistical and adiabatic centrifugal treatments overestimate the reaction probabilities. The reaction cross sections thus obtained with the new approaches are in rather good agreement with the exact results. In spite of these deficiencies, the quantum statistical method is well adapted for describing the insertion dynamics, and it is then used to evaluate the differential cross sections.
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I. INTRODUCTION

H 3
+ has been carefully studied theoretically and experimentally in the past. One of the reasons for such interest is based on its importance in interstellar chemistry since it initiates the reactions responsible for larger molecules. 1 It is also a major cation in hydrogen plasmas. Thus, its detection in space constitutes itself the subject of a vast number of studies. [2] [3] [4] Also, interest has arisen in highly rotationally excited states of H 3 + motivated by the experimental investigations by Carrington and Kennedy 5 of the extraordinarily complex-almost 27 000 lines over the range of 872-1094 cm −1 , grouped into four separated peaks when considering a pseudo-low-resolution spectrum-infrared predissociation spectrum. 6, 7 Besides all these fundamental interests, H 3 + can be considered to be a benchmark system because its low number of electrons, 2, allows very accurate calculations of the ab initio potential energy surface ͑PES͒ of the ground and excited electronic states. [8] [9] [10] [11] [12] The extremely rich variety of ionmolecule reactions which occurs in the H 3 + system and its isotopic variants converts it in a challenging opportunity for a direct comparison between experiment and theory. The existence of competing reactive and nonreactive processes which may involve charge transfer between the reactants on multiple PESs has motivated the great number of theoretical studies on this system. [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] In spite of its relative simplicity, until now nearly all the collisional studies were performed using classical or semiclassical methods, and those where quantum mechanical ͑QM͒ methods were employed were restricted to zero total angular momentum. Many of them were focused at high energies above the crossing existing in the asymptote ͑see Fig.  1͒ . The problem is the extraordinary deep well ͑Ϸ4 eV͒ appearing in the reaction path, which makes exact calculations computationally very expensive. 13 It has been only very recently 23 that the first QM calculations for the D + +H 2 collision for a nonzero total angular momentum have been perfomed, treating the nonadiabatic dynamics above the mentioned asymptotic curve crossing.
The existence of a similar deep potential well in insertion reactions where an atom X collides with H 2 ͓where X can be either C͑ 1 D͒, N͑ 2 D͒, O͑ 1 D͒, or S͑ 1 D͔͒ has justified the application of a statistical quantum method 24 ͑SQM͒ to study the dynamics of these processes. The good agreement with exact QM and experimental results 25, 26 shows the validity of this approach ͑and time-dependent versions of it [27] [28] [29] ͒ for such reactions. In fact, Takayanagi et al. 17 found that cumulative reaction probabilities ͑CRPs͒ for the reactive noncharge transfer D + +H 2 → DH+H + process can be reproduced by a statistical prediction below the energy of which charge-transfer mechanisms become energetically open. Analogously, a similar statistical analysis of DH 2 + for J =0 concluded that the electronically adiabatic reactions for that system are mostly statistical. 21 It is therefore of interest to investigate up to which extent this statistical behavior found for the ͑J =0͒-CRPs extends to more general situations, where different internal rotations of the reactant diatom and total angular momenta are assumed.
In this work we shall study the H + +D 2 and D + +H 2 reactive collisions below the electronic curve crossing within an adiabatic representation by means of a wave packet method. A possible statistical character of the present ionmolecule collision dynamics will be also studied, applying the SQM mentioned above. The centrifugal sudden [30] [31] [32] ͑CS͒ approach in the wave packet method is tested by comparison with "exact" calculations. This approximation was previously found to yield inaccurate results for the D + +H 2 system. 23, 33 In order to overcome these deficiencies, new modified CS approaches are proposed for reactions where dynamics are governed by the existence of a deep potential well. In this sense, the treatment of the centrifugal barriers by the statistical model mentioned before turns to be useful not only for the understanding of the dynamics but also for the improvement of the usual CS approach. The integral cross sections ͑ICSs͒ and differential cross sections ͑DCSs͒ are obtained.
Recent experimental works on the reaction H͑n͒ +D 2 → HD+D͑nЈ͒, [34] [35] [36] published during the completion of the present paper, have found close similarities between the dynamics of this Rydberg-atom-diatom collision and the ionmolecule reaction H + +D 2 . Statistical predictions for the DCSs are compared with the experimental results at the collision energy of 0.53 eV.
This paper is structured as follows. In Sec. II, details of the exact and CS iterative wave-packet-like methods as well as time-independent statistical methods employed in the dynamical calculations are given. In Sec. III results are discussed, and final conclusions are extracted in Sec. IV.
II. THEORY
A. Potential energy surface Figure 1 shows the energy diagram of the different electronic states of H 3 + . The energy curves of the states correlating to H + +H 2 and H 2 + + H cross at an energy Ϸ1.6 eV above the H 2 well minimum in the asymptote. Above this crossing, nonadiabatic effects are expected. In addition, the triplet states are also expected to play a role in the H + H 2 + and isotopic variant collision dynamics at that energy regime.
This work is focused on the H + +D 2 and D + +H 2 reactive collisions at translational energies below the curve crossing so that nonadiabatic effects will be neglected. In a recent work, such effects were studied 23 using a model of two coupled diabatic electronic states. 18, 21 Here a recently proposed 9 adiabatic PES will be used. This PES presents an accuracy of a few wave numbers for the simulation of the infrared spectra corresponding to transitions between bound states located in the deep well of Fig. 1 .
This PES show a deep well ͑Ϸ4 eV͒ at equilateral configurations. In the entrance channel there is no barrier, so the reaction dynamics is expected to proceed by an insertionlike mechanism, dominated by long-lived resonances. 
B. Wave packet method
Reactant Jacobi coordinate vectors are used with r being the diatom internuclear distance vector and R the homonuclear diatom center of mass to the ion distance vector, both expressed in a body-fixed frame in which the three atoms are on the xz plane and the z axis is parallel to R. Three Eulerian angles ͑ , , ͒ determine the orientation of the body-fixed axes with respect to a space-fixed frame, and three internal variables define the nuclear configuration of the system: r and R, the modulus of r and R, respectively, and the angle ␥, with cos ␥ = r · R / rR. The three Euler angles are described in a basis set formed by parity-adapted Wigner matrices. 37 The angular coordinate ␥ is described in a discrete variable representation formed by 70 Gauss-Legendre quadrature points in the ͑0, /2͒ interval because of the D 2 /H 2 permutation symmetry. The R and r radial coordinates are described by 400ϫ 320 equidistant points in the ͑0.002,17͒ and ͑0.3, 17͒ Å intervals, respectively. The integration in the R coordinate includes the value R = 0 because the ion may get inserted between the two other atoms. In such a situation the Fourier-transform method cannot be used for the calculation of radial kinetic terms. It has been shown recently that the use of real sine transforms fulfills the regular conditions at the origin, giving rise to accurate results with high efficiency. 38 In connection with the use of the real transforms, a Chebyshev method is used to propagate a real wave packet. [39] [40] [41] [42] [43] [44] In this method, the evolution operator is expanded in modified Chebyshev polynomials, 40 so that the wave packet at time t is defined as
where ⌽͑k͒ is obtained from the initial wave packet using the modified Chebyshev recurrence:
The coefficients f k ͑Ĥ s , t͒ in Eq. ͑1͒, are given by
where J k ͑x͒ are Bessel functions of the first kind and T k ͑Ĥ s ͒ are Chebyshev polynomials of degree k of the scaled Hamiltonian Ĥ s = ͑Ĥ − E 0 ͒ / ⌬, with E 0 = ͑E max + E min ͒ / 2 and ⌬ = ͑E max − E min ͒ /2, E max and E min being the minimum and maximum energy values of the real Hamiltonian of the system, Ĥ , represented in the grid and basis set defined above. The argument of the real damping function introduced in Eq. ͑2͒ may depend on the coordinates, giving rise to a method that avoids the instability introduced by imaginary potentials in the original Chebyshev propagator of Tal-Ezer and Kosloff. 46 To a first order, the function can be related to a pure imaginary potential, V I ͑V I Ϸ i͒, fulfilling
with x ϵ r or R. The absorption parameters x I ͑R I = r I =14 Å͒ and A x ͑A R = A r = 0.025 Å −4 ͒ were optimized to minimize the absorption effects on the wave packet in the interaction region. 47 The transmission through the absorption region, i.e., from x I to x max , can be strongly reduced by increasing either A x or x max . The major problem, however, is the reduction of the reflection back to the interaction region. 47 This is the case when low final translational energies between reactants or products play an important role in the opening of new channels, as it is the case here. When the de Broglie wavelength dB increases, the absorption region should be augmented to an integer factor of dB , but this may lead in some cases to use prohibitively large grids. For this reason, it is convenient to increase the minimum dB by adding a real potential V R ͑x͒ at the asymptotic region, 48, 49 which in the present case takes the form
ͮ ͑5͒
This V R ͑x͒ potential varies from zero to −B x in the interval ͓x R , x R + L x ͔, as previously proposed. 50 The parameters of the real potentials are B R = B r = 0.12 eV, R R = r R = 13 Å and L R = L r =1 Å.
In order to extract reaction probabilities at given total energies, it is convenient to express the eigenfunctions of the total Hamiltonian, ⌿ ␣ + ͑E͒, with total energy E, as the Fourier transform of the wave packet as
where ␣ denotes the initial state of the reactants and a ␣ ͑E͒ = ͗⌿ ␣ ͑t =0͉͒⌿ ␣ + ͑E͒͘. Introducing Eq. ͑1͒ in Eq. ͑6͒, the direct relationship between ⌿ ␣ + ͑E͒ and the modified Chebyshev components ⌽ ␣ ͑k͒ are obtained as
Therefore, all quantities can be extracted from the Chebyshev components of the wave packet using Eqs. ͑7͒ and ͑1͒, respectively. The reaction probability is obtained, analyzing the flux on these Chebyshev components as
where m is the reduced mass of the diatomic fragment, r ϱ corresponds to the value of r where the flux is evaluated, and
where the Chebyshev components have been represented in reactant Jacobi coordinates as
for a given total angular momentum J.
As noted by Chen and Guo 43 and Gray and Balint-Kurti, 44 the Chebyshev components obtained in Eq. ͑2͒ can be considered a cosine-type evolution state, and hereafter this approach will be referred to as the cosinetransformed wave packet ͑CTWP͒ method. The advantages of such a procedure have been previously discussed. 40, [42] [43] [44] In particular, if the initial wave packet is real, all the ⌽͑k͒ components remain real. Thus, for a particular state of the reactants, ␣ = J , 0 , j 0 , ⍀ 0 , the initial wave packet is taken as
where j ͑r͒ are the vibrational eigenfunctions of the diatomic reactant, Y j⍀ ͑␥͒ are the normalized associated Legendre functions, and g͑R͒ is the real function obtained as a linear superposition of incoming and outgoing plane waves of the form
As mentioned in Ref. 44 , only the incoming half of the initial wave packet yields to products. Therefore, the evaluation of the reaction probabilities ͓see Eq. ͑9͔͒ only requires the initial flux corresponding to the incoming waves; i.e., at a given energy, only half of the flux is taken into account. In order to check the accuracy of the calculation, the inelastic flux towards all reactant channels is also evaluated. 44 It should be mentioned that contributions from outgoing waves of the initial wave packet interfere with those contributions arriving from the incoming waves after the collision process. To avoid this interference, the calculation of the flux in the initial channel ␣ is started at long k values, at which all outgoing components has already gone: following Balint-Kurti et al., 51 Eq. ͑1͒ can be well approximated by the direct relation
i.e., ⌽͑k͒ is approximately linked to the wave packet at time t, so that evolution on time implies the increase of k. Such an approximate correspondence depends on E max and E min , so results from different calculations cannot be compared at the same k value. The k at which the flux on the entrance channel starts to be calculated is determined from the norm of ⌽͑k͒, as shown in the top panel of Fig. 2 . This oscillating norm starts to stabilize around 1 / 2. The later decrease towards 1 / 4 is due to the arrival of the initial wave packet to the absorbing region. In this situation, the flux on the entrance channel is started at k Ϸ 1000. For the rest of the inelastic or reactive channels, the flux can only be originated by the encounter among reactants and is evaluated from the very beginning. After k = 8000 the norm decreases gradually toward zero as the wave packet reaches the edges of the grid and is absorbed.
For the exact CTWP calculations a converged number of basis set functions, consisting in symmetry-adapted combinations of Wigner rotation matrices 52 characterized by the helicity quantum number ⍀, is used in Eq. ͑11͒. The usual CS approach used later only considers a single ⍀ channel equal to that of the initial wave packet. As will be described in the next section, modifications of this CS approximation will be suggested in order to improve its accuracy.
C. Statistical quantum method
Details of the time-independent SQM derived in Ref. 24 have been extensively discussed there and in its applications to study insertion reactions; hence in this section, only the relevant aspects to the present research will be included.
If we consider an initial state j⍀ in the reactant arrangement ␣ and a final state ЈjЈ⍀Ј in the product arrangement ␣Ј, the corresponding state-to-state reaction probability for a total angular momentum J and a diatomic permutation symmetry eigenvalue I is approximated within the helicity representation as
where p j⍀ IJ␣ and p Ј j Ј ⍀ Ј IJ␣Ј are the capture probabilities from the j⍀ reactant and ЈjЈ⍀Ј product channels, respectively. Alternatively, these quantities can be interpreted as the probabilities of formation of the complex from the j⍀ channel and of decay of the complex to the final state ЈjЈ⍀Ј, respectively. In Eq. ͑15͒ the sum in the denominator runs over all open reactant and product channels at energy E for I and J.
The key thing about the validity of Eq. ͑15͒ is that it requires the atom-diatom reaction process to proceed via the formation of an intermediate complex. Moreover, the lifetime associated with such a collision complex has to be long enough to enable a separate treatment of its formation and decay as independent events. These reactions with a PES characterized by the existence of deep wells are therefore, in principle, good candidates to fulfill these requirements and thus to exhibit a statistical behavior in their corresponding dynamics.
The expression of the capture probabilities is 24 p j⍀
where the sum runs over all the energetically open channels in the ␣ arrangement where the capture calculation is performed. The scattering matrix in Eq. ͑16͒ is obtained by solving for each chemical arrangement within the CS approximation a set of close-coupled equations
with the matrix W͑R͒ expressed as
where is the atom-diatom reduced mass, ⑀ is the diagonal matrix with the diatomic rovibrational energies, V͑R͒ is the potential energy matrix, and
A solution of close-coupled equations expressed in Eq. ͑17͒ is obtained ͑see Refs. 24 and 25 for further details͒, propagating by means of the log derivative method 53 between the asymptotic region and a certain distance R c at the entrance of the potential well. This R c distance is the capture radius which defines the domain where the collision complex exists. By locating this capture radius far enough from the potential minimum all the usual computational complications related with numerical convergence in the presence of deep potential wells, as happens with insertion reactions, are avoided. In this work, R c is set to 3a 0 in mass-scaled coordinates for both arrangements, the asymptotic value for the log derivative integration being 15a 0 .
The ICS is easily obtained from the exact QM expression
where k ␣j 2 =2͑E − E ␣j ͒ / ប 2 and the statistical approximation from Eq. ͑15͒ are employed to evaluate ͉S ␣ Ј Ј j Ј ⍀ Ј ,␣j⍀
IJ
͑E͉͒
2 . Analogously, and by following the procedure explained in Ref. 25 , the expression for the statistical DCS is approximated as follows:
The use of the SQM will give, besides reaction probabilities and cross sections, a deeper insight into the reaction dynamics of the ion-molecule processes under study.
III. RESULTS AND DISCUSSION
A. Reaction dynamics at J = 0: Is the reaction statistical?
The total reaction probabilities obtained with the CTWP method for the H + +D 2 ͑ =0, j =0͒ → HD+D + reaction at J = 0 are converged after Ϸ75 000 iterations. For higher J values a lower number of iterations is required. At the bottom panel of Fig. 2 this total reaction probability is compared with the total flux, obtained summing to the total reaction probability all the probabilities on the different , j , ⍀ channels in the reactant arrangement. This total flux should be strictly the unity. The error is rather small except for some resonances appearing at low energies. At high energies the error is rather small, Ϸ2 % -3%, and since reaction channel becomes gradually closed as J increases, the error also decreases for higher total angular momentum.
The profile of the reaction probability shows that the process is clearly mediated by a high density of rather narrow resonances, whose widths slightly increase with energy. The fact that both reaction and inelastic probabilities appear gradually with k ͑or time͒ and the presence of resonant structures suggest that the dynamics of the reaction proceeds by an insertion mechanism and may be described by statistical methods.
The results obtained with the CTWP method and the SQM for J = 0 and several initial states for two isotopic variants of the reaction are compared in Fig. 3 . As expected, 24 the SQM does not describe each resonance individually. However, the average probability is in a reasonably good accord with the trend of the CTWP probability and even reproduces the background oscillatory pattern present in the exact result. The stepped structure of the statistical result is due to the succesive onset of energetically open levels. In particular, the initial-state-selected statistical probability, obtained from Eq. ͑15͒ by summing all product channel states and helicities, suffers an intensity decrease every time a reactant channel state j⍀ becomes accessible, since the corresponding capture probability p j⍀ IJ will only contribute to the denominator of Eq. ͑15͒. Analogously, the energetic onset of product arrangement states is related to increases in the statistical reaction probability. In order to stress this, in the left top panel of Fig. 3 , where the reaction probabilities for H + +D 2 ͑ =0, j =0͒ are shown, product and reactant diatomic states are indicated as tick marks at the top and bottom of the figure, respectively. Different lengths for the ticks correspond to the different vibrational manifolds in each arrangement. The threshold around 0.04 eV has its origin in the larger zero-point energy of HD compared with D 2 : as can be seen in Fig. 3 , the threshold is clearly associated with the onset of the HD͑ =0, j =0͒ state. The statistical approach therefore provides a physical interpretation of the oscillatory background pattern in the CTWP results.
Calculations for different rovibrational excitations of the reactant diatom D 2 were also done. In the left panels of Fig.   3 , CTWP and SQM reaction probabilities for ͑ =0, j =1͒ and ͑ =1, j =0͒ initial D 2 states at zero total angular momentum are also shown. Overall intensities are very similar to those observed for ͑ =0, j =0͒, thus suggesting that no significant enhancement of the probability is obtained for the rovibrational excitations considered here. The agreement found between the CTWP and SQM results is still good, but some slight discrepancies are noticed for the cases where j Ͼ 0. In particular, for j = 1 the SQM seems to overestimate the reaction probability with respect to the exact CTWP.
Furthermore, some calculations have been performed for the isotopic variant D + +H 2 → DH+H + , shown in the right panels of Fig. 3 , for the ͑ =0, j =0͒, ͑ =1, j =0͒, and ͑ =0, j =1͒ H 2 initial states. The good agreement between the CTWP and SQM results is again remarkable, presenting a qualitative similar behavior as for H + +D 2 case. The reaction probabilities are, however, higher than in the other isotopic variant. Within the context of the SQM, and given that the diatom in the product arrangement is the same in both cases, this is explained by the fewer number of reactant H 2 channels open at the same energy than for the D 2 case. As explained before, this results in a smaller denominator in the statistical expressions for the initial-state-selected reaction probabilities along the energy range considered here. In addition, for the D + +H 2 ͑ =0, j =0͒ case, there is no threshold for the reaction since the zero-point energy of products is lower than that of reactants.
An almost negligible decrease in the reactivity is found when the initial vibrational excitation goes from = 0 to 1. A more marked effect was reported in Ref. 23 where reaction probabilities for = 0 and = 4 were compared. Nevertheless, the collision energy range considered there started from 1.7 eV and extended well beyond the electronic curve crossing mentioned in the Introduction of this work.
Despite the small discrepancies found for those cases for which the internal rotation excitation of the reactant diatom is j = 1, the reaction dynamics exhibited by the H + +D 2 and D + +H 2 collisions for a zero total angular momentum may be well approximated by a statistical treatment. It is worth pointing out that a much more marked disagreement between statististical J = 0 reaction probabilities and the corresponding exact QM results exists for insertion reactions of H 2 with nonmetallic electronically excited atoms as C͑ 1 and exit channels. Bearing in mind that the capture probabilities p j⍀ ␣ ͑E͒ behave, in terms of the energy, as strict step or
Heaviside functions with a zero value for those energies below E j ͓the energy level of the ͑ , j͒ state͔ and are, on the contrary, equal to unity for those energies E Ͼ E j , the quantity ͚ j p j ␣ ͑E͒ is precisely the effective number of energetically open states at that energy E for the ␣ arrangement. The consideration of nonzero total angular momenta only changes this behavior by shifting the threshold of these p j ͑E͒ probability functions to larger energies ͑see Fig. 2 of Ref. 27͒. The equivalence of both statistical approaches for J = 0 was verified, although results are not shown here.
B. J > 0 and centrifugal sudden approach
In order to assess the feasibility of the methods employed in this work to accurately describe the dynamics of the charge-transfer ion-molecule H + +D 2 and D + +H 2 processes, we must test the cases where a nonzero value of the total angular momentum is considered. For such situations, the version of the SQM used in the present calculations operates within the CS approximation to calculate the capture probabilities. This assumption should be, in general, good because the method is used mostly at long distances to avoid the potential minimum. At this moderately long distances the Coriolis coupling is relatively small, and it is not expected to play an important role. This seems to be the case for some other insertion reactions, for which the CS approximation was found not to introduce relevant differences in cross sections obtained with the SQM in comparison with the corresponding coupled-channel results. 24, 25 Analogously, CS and exact reaction probabilities for the C + H 2 Fig. 4 for J = 5, 10, and 20. At low J the agreement between the two methods is very good, but as J increases results from both methods start to diverge: the SQM results clearly overestimate the CS-CTWP reaction probabilities and present a much lower barrier. Such effects could have a similar origin to those found for J = 0 but j 0 discussed above.
It may be argued, regarding the SQM results, that alterations in both height and position of the rotational centrifugal barriers when the total angular momentum changes could not be correctly taken into account with a unique capture radius. The restriction of imposing a single capture radius may possibly introduce important constraints in the dynamics. Thus, for example, if R c is chosen to be much larger than the position of the top of the barrier, yielding an inaccurate description of its height, some of the incoming flux at low energies which should be reflected back to the entrance channel may be artificially considered as reactive. With the aim of minimizing this effect, individual calculations of the capture probabilities have been done with an optimized choice of R c for each ͑J , , j , ⍀͒ channel. Although for some channels the values of R c so defined vary in some a 0 from the originally fixed value in the calculations, no appreciable differences in the p j⍀ ͑E͒ functions were observed. The same reaction probabilities were obtained, and no improvement in the comparison with the CS-CTWP results was achieved. The value chosen as generic R c , large enough to avoid the potentialwell minimum and the convergence problems, may be, at the same time, too small to induce the wrong reading of the rotational barriers described above. As a matter of fact none of the optimized capture radii turn out to be smaller than this R c .
The same comparison between reaction probabilities obtained by means of the CS-CTWP and SQM approaches for D + +H 2 ͑ =0, j =0͒ → H + +HD at J = 5, 10, and 20 is shown in the right panels of Fig. 4 . A similar degree of accord is found for the low values of the total angular momentum, but as J increases the SQM results deviate from the timedependent results, overestimating the reactivity of the process. The same trend is found when comparing extended SQM calculations at the collision energy range between 1.7 and 2.4 eV ͑not shown here͒ with the exact and CS results of Chu and Han. 23 It is worth mentioning with regard to the use of the CS treatment within the CTWP method that in Ref. 23 , in the first dynamical calculations for J Ͼ 0 for D + +H 2 reported to date, the CS approach was found to underestimate too much the reaction probabilities when compared with calculations including ⍀ values from 0 to 5. Here we also carried out wave packet calculations including several ⍀'s, varying it up to convergency as a function of J. As an example, for J = 20, we find that the total reaction probabilities are well converged, considering ⍀ =0,1, ... ,5 for the H + +D 2 reac- tion. For J = 30 and 40, however, higher ⍀ values need to be included and we have considered up to ⍀ = 10. Results of such an exact approach are shown besides the CS-CTWP and SQM probabilities in Fig. 5 . The comparison reveals that, as in the isotopic system investigated by Chu and Han, the CS-CTWP probabilities significantly differ from the exact results for large values of J. Surprisingly, reaction thresholds predicted by the statistical approach are in better agreement with the exact calculation than are those exhibited by the probabilities obtained within the CS approximation. It seems that in the SQM there may be some sort of cancellation of effects which tends to the proper reaction probability, placing the barrier at lower energies with respect to the CS approach, but too low compared with the most converged results.
The nature itself of the SQM gives the clue for the reason of the tremendous failure of the CS approach for this kind of insertionlike reactions. In the SQM, the system gets initially trapped after overpassing a barrier, and then, without keeping any memory of the entrance channel, this intermediate complex finds an exit pathway among all accessible channels to fragmentate. Since the rotational barrier associated with J is given by
the exit barrier gets lower as ⍀ increases. Therefore, small values of ⍀ would present a lower density of accessible continua to dissociate ͑and thus a lower reaction probability will be expected͒ than higher ⍀ for a given energy would. In the CS approach this value of ⍀ is not only restricted to remain the same, but it also has to be low because it needs to be equal to the initial ⍀ for relatively low angular momentum of the diatomic reactant ͑⍀ = 0 in this case since j =0͒. Thus in effect, within this CS approximation, centrifugal barriers are relatively high, which leads to an underestimation of the real reaction probability. Insights of such a behavior are manifested in the final rotational distributions of HD͑Ј , jЈ͒. In Fig. 6 , rotationally resolved probabilities for the H + +D 2 ͑ =0, j =0͒ → D + +HD͑Ј =0, jЈ͒ reaction for J = 0, 1, 2, 5, 10, and 15 are shown at total energies of 0.4, 0.6, 0.8, 1, 1.2, and 1.4 eV, respectively. Those probabilities display a plateau of maximum values which extends up to the last ͑Ј =0, jЈ͒ state energetically accessible. This equally distributed maximum probability region always starts at jЈ = J. The reason for this effect is associated with the fact that the lowest possible barrier for a given J corresponds to ⍀ = J, thus forcing jЈ to take also that value. On the contrary, the rotational energy ប 2 jЈ͑jЈ +1͒ /2mr 2 increases with jЈ and does not seem to play an importat role here.
The only situations when this is not the case for a particular J occur whenever the total energy E tot is such that Fig.  6 the jЈ = J condition for the highest value of the reaction probability at J =5 ͑middle right panel͒ is not satisfied at E tot = 0.4 eV, is only verified for E tot Ͼ 1 eV at J =10 ͑left bottom panel͒, and does not occur for any of the energies shown in the figure for J =15 ͑right bottom panel͒. In fact, a close inspection of the values of individual capture probabilities p j⍀ IJ␣ ͑E͒ corresponding to ͑ , j͒ states not closely energetically available at energy E and total angular momentum J reveals that the largest capture probabilities are obtained for the largest possible values of ⍀. This also explains the statistical behavior on the final distributions after the partial wave average when the degeneracy factor 2J + 1 is included.
In spite of the approximate character of the SQM results, such findings provide a nice qualitative explanation of the convergence problem in exact calculations, since they impose the inclusion of nearly all ⍀ components accessible to a given total energy.
C. Statistically modified centrifugal sudden approach
Even when the SQM gives surprisingly good results as compared with the exact ones, it still overestimates the reaction probability. It is therefore desirable to design an approximated method which, being more efficient than the exact treatment, improves the SQM results.
The CS approach can be modified to overcome some of the difficulties described so far. In this work, we propose a modification of the CS approach, the statistically modified centrifugal sudden ͑SMCS͒ approximation, for the case of the insertion reaction, which consists in keeping a single ⍀ projection, the initial one, and in considering a rotational barrier of the form
where ⍀ m = min͑J , j͒. This means that we choose the maximum possible value of ⍀ compatible with J and j, the value which minimizes the barrier. Since ⍀ is the simultaneous projection of J and j ͑the angular momentum of the diatom fragment͒, it cannot take any value. With this limitation, in the j = 0 entrance channel ⍀ = 0, without changing the usual CS approach. However, for the exit channel, the barrier is much lower because larger J , j are available.
Results for the H + +D 2 reaction with J = 20, 30, and 40 are shown in Fig. 7 in comparison with both the exact and CS-CTWP probabilities. From the figure, a neat improvement of the reaction probability is clearly noticeable. Reaction thresholds are more accurately described by the CS-CTWP than by the usual CS approximation, getting closer to the exact result. Individual resonances are not exactly located in identical positions in the SMCS-CTWP probabilities and the exact CTWP probabilities, but this turns out to be irrelevant when more averaged quantities are calculated: after the partial wave average such details are completely washed out. The important thing is that the envelope of the reaction probability approximates to the exact one without suffering the overestimation deficiencies exhibited by the statistical approach.
D. Adiabatic centrifugal sudden approach
The substantial improvement gained with the SMCS approach to describe the dynamics of the title ion-molecule collisions is, nevertheless, not enough since the energy threshold of the exact CTWP results are not fully well described. To correct this fact, we consider here an adiabatic treatment of the centrifugal term in Eq. ͑22͒. In this approach, the full V rot Jj⍀ matrix in the helicity representation for a given j , J pair is built, including all possible ⍀ projections. Once this matrix is diagonalized, the lowest eigenvalue is used as the effective centrifugal term for all values of internal coordinates. One of the effects of this adiabatic centrifugal sudden ͑ACS͒ procedure is to reduce the centrifugal barrier even more than what the SMCS approach suggested before, but in a less crude way where contributions from all possible values of ⍀ are taken into account.
As seen in Fig. 8 , where reaction probabilities for the H + +D 2 reaction obtained at J = 10, 20, 30, and 40 by means of the exact CTWP, the ACS-CTWP, and the SQM approaches are compared, the threshold of the ACS-CTWP probability gets closer to that found for the exact result than does any other CS approximation employed here ͑see Fig. 7͒ . The reaction probability is, however, too high when compared with the exact results. What is worth pointing out is the striking good accord of the ACS-CTWP probability with the result obtained by the SQM treatment. In fact, the statistical probability seems to be an excellent average reproduction of the ACS-CTWP curve. Such agreement between both meth- ods provides a good understanding about how the SQM deals with the centrifugal barrier. The results found in the present study of the H + +D 2 reaction seem to suggest an equivalence between the CS approach in separate arrangements employed within the SQM and the adiabatic treatment of the centrifugal barrier as explained in the ACS approach suggested here.
E. Integral and differential cross sections
ICSs have been obtained for the H + +D 2 ͑ 0 =0, j 0 =0͒ collision. In the computationally "cheap" SQM, this can be achieved by averaging the reaction probabilities at each J, as expressed in Eq. ͑20͒. The calculation of all partial waves needed to converge the reaction ICS at a particular energy by means of any of the possible CTWP methods employed here, on the contrary, may result too expensive in terms of the calculation time. Some kind of interpolation between probabilities at specific values of the total angular momentum is carried out in order to make the calculation feasible. The H + +D 2 → HD+D + reaction presents a low threshold which is reasonably well described. Instead of using a capture model variant of the J-shifting kind of interpolation, used by Gray et al., 54 we use a simpler method based in the J-shifting approach: in each interval between two calculated J values, an effective rotational constant is fitted to reproduce the threshold as accurately as possible. This constant is then used for the J-shifting-like interpolation.
In order to obtain the ICS functions, CS and SMCS-CTWP calculations have been done for J =0,5,10, ... ,45 while for the exact CTWP only J = 10, 20 ͑including up to ⍀ =5͒, 30, and 40 ͑including up to ⍀ =10͒ have been calculated. For the SQM results, partial waves up to J = 60 were required to converge the ICS. A comparison among the ICSs obtained by means of these methods is shown in Fig. 9 . As expected, the pure CS approximations yield much lower ICSs, as it was also the case in a recent work for the isotopic D + +H 2 reaction. 23 The SQM cross sections overestimate the exact results, an expected consequence of the differences found in the corresponding comparison of the reaction probabilities. A similar comparison, not shown here, with Chu and Han's exact results at the higher-energy range studied in Ref. 23 the total H + +D 2 ͑ =0, j =0͒ reaction at this collisional energy are compared with the recently published experimental results 35 in Fig. 10 . The global agreement of the state-to-state DCSs shown in Fig. 10 is reasonably good, specially for those processes leading to D + +HD͑Ј =0, jЈ ഛ 3͒. For the DCS summed over all final product states, shown in the bottom panel of Fig. 10 , the accord with the experiment is similar to that achieved by quasiclassical trajectory calculations on a different PES in Ref. 35 . The experimental DCSs seem to be more asymmetric than the statistical prediction, but, unfortunately, due to the restricted angular range of the experimental results, the marked forward-backward symmetric scattering inherent to any DCSs obtained with the SQM 25 cannot be probed in this case. It was also found that most of the contribution to the total DCS comes from the HD͑Ј =0͒ channel, whereas the first vibrationally excited state of the product diatom HD hardly contributes. To the best of our knowledge, no QM DCSs had been reported for this reaction before. Given the disagreement found with the exact results for the ICSs though, these statistical DCSs should be interpreted only as upper limits of the exact QM result. Further theoretical research in order to establish the precise deviation of these statistical results from an exact QM prediction is in progress.
IV. CONCLUSIONS
In this work, different QM approaches have been used to study the reactive noncharge transfer ion-molecule collisions H + +D 2 and D + +H 2 . The dynamics of such processes have been investigated by means of a statistical method and different wave packet approaches. The comparison of the reaction thresholds produced by the SQM and the exact CTWP methods has led to test some possible modifications of the usual CS approximation, which was previously found to produce inaccurate results for the title reactions. The nature of the modifications suggested here involves different ways to treat the rotational centrifugal barriers. On one hand, a SMCS approach, where the goal is the choice of the angular momentum projection ⍀ which minimizes the rotational barrier, was found to improve the description of the reaction threshold at some extent. On the other hand, an ACS treatment of the rotational part of the Hamiltonian yields reaction probabilities in almost perfect accord with the statistical predictions. This result establishes a direct link between the separate CS treatments for each reactive arrangement involved within the SQM framework and a "minimum-energypath-like" mechanism once the centrifugal term is diagonalized in the basis of all possible values of the helicities.
Finally, the fact that the adiabatic CS approach yields so good energy thresholds allows us to think that the best approach to accurately consider a high total angular momentum for this insertion reaction is the use of an adiabatic representation for the helicity, keeping few adiabatic eigenvalues but considering the nonadiabatic couplings among them. In such approach, the number of states required to converge the calculation is going to be less in the exact calculation as implemented here. Work in this direction is in progress.
As a final note we encourage the interested reader to see Ref. 55 , which was published by the time the conclusion of the final revision of the present work was written. 
